Abstract. We prove a KSGNS (Kasparov-Stinespring-Gel'fand-Naimark-Segal) type theorem for α-completely positive maps on Hilbert C * -modules and show that the minimal KSGNS construction is unique up to unitary equivalence. We also study a covariant version of the KSGNS type theorem for a covariant α-completely positive map.
Introduction and Preliminaries
Throughout the paper by a map (an operator) we mean a continuous and linear one. The Stinespring theorem for C * -algebras is a significant generalization of the Gel'fandNaimark-Segal (GNS) construction to operator-valued maps. A physical interpretation of it says that any quantum channel arises from a unitary evolution on a larger system. The classical version of this theorem states that a map T from a unital C * -algebra A into the 
equipped with α(T ) = JT J is a Krein C * -algebra. Definition 1.5. Let A be a C * -algebra and let (K , J) be a Krein C * -module. A homomor-
KSGNS type construction for α-CP maps
In this section, we assume that (A , α) is a unital C * -algebra with the unit 1. We start our work with the following modified definition of [8, Definition 2.4] playing an essential role in the paper.
(ii) the n × n matrix [ϕ(a # i a j )] is positive for all n ≥ 1 and each a 1 , · · · , a n ∈ A , or equivalently,
(iii) for any a ∈ A , there is M(a) > 0 such that
for all n ≥ 1 and a 1 , · · · , a n ∈ A .
To be sure that our maps are continuous, we may assume that the constant M(a) is of the form K(a) a with K(a) > 0
Let (H 1 , J 1 ) and (H 2 , J 2 ) be Krein C * -modules. For T ∈ L(H 1 , H 2 ), let us put
Definition 2.2. Let X be a Hilbert A -module and let (
with the property that there is a representation
Then we say that π X is a π A -representation.
Remark 2.4. Let π X be a π A -representation of a Hilbert A -module X on Krein B-modules (H 1 , J 1 ) and (H 2 , J 2 ).
(1) If X is full, then π A is unique.
Indeed, for each x, y ∈ X and a ∈ A , we obtain that
whence we deduce that π X (xa) # = (π X (x) π A (a)) # , which implies (2.1).
The next proposition gives a typical example of an α-completely positive map.
be Krein C * -modules, and V :
all a ∈ A , and finally let W be a coisometry with
given by
is an α-completely positive map and the map Φ :
is an α-completely positive ϕ-map.
Proof. Indeed, we have
for all a ∈ A and
for all a ∈ A . On the other hand,
for all a ∈ A .Therefore, ϕ(α (a)) = J 3 ϕ(a)J 3 = ϕ(a) for all a ∈ A .Now, let a 1 , · · · , a n ∈ A and ξ 1 , · · · , ξ n ∈ H 1 . Then we have
Let all n ≥ 1 and a, a 1 , · · · , a n ∈ A .Then
for all ξ 1, ξ 2 , · · · , ξ n ∈ H 1 . Thus we showed that ϕ is an α-completely positive map.
To show that Φ is an α-completely positive ϕ-map, let x, y ∈ A . We have
From now on we assume that (H 1 , J 1 ) and (H 2 , J 2 = id Theorem 2.6. Let X be a Hilbert A -module and Φ :
Proof. It is straightforward to observe via condition (ii) in Definition 2.1 that the quotient
is a pre-Hilbert B-module with the inner product given by
Let K 1 be the Hilbert B-module obtained by the completion of
is a Krein B-module, where the fundamental symmetry J 3 is defined by
Also it is easy to check that the map V Φ :
is an operator, and V *
for all ξ ∈ H 1 , and so
Moreover,
For any a ∈ A and ξ ∈ H 1 , we get
On the other hand, for any a, b ∈ A and x ∈ X , since
Therefore, for any a 1 , · · · , a n ∈ A and ξ 1 , · · · , ξ n ∈ H 1 , we have
which implies that for each x ∈ X , there exists a map π X (x) :
Then we obtain that
which implies that
and then for any a 1 , · · · , a n ∈ A ξ 1 , · · · , ξ n ∈ H 1 and x, y ∈ X , we get
which implies that for any x, y ∈ X ,
Therefore π X is a π ϕ -representation of X on the Krein spaces (K 1 , J 3 ) and (K 2 , J 4 ). Moreover,
Remark 2.7. In Theorem 2.6, if ϕ is unital, i.e., ϕ(1) = 1, then since V * Φ (a⊗ξ+N ϕ ) = J 1 ϕ(a)ξ for any a ∈ A and ξ ∈ H 1 , V * J 4 ) ), which verifying the relations (1)-(3) in Theorem 2.6 is called the KSGNS construction associated to the ϕ-map Φ. If
Remark 2.8. The KSGNS construction associated to the ϕ-map Φ constructed in Theorem 2.6 is minimal. Using (2.3) we have
and by applying (2.2) we get
The following result may be considered as a generalization in the context of maps on
Proposition 2.10. Let X be a Hilbert A -module and Φ :
) are two minimal KSGNS construction for Φ, then there are two unitary operators U 1 :
Proof. From Theorem (1) 2.6, we have
which implies that there is a unitary operator U 1 :
Then it is easy to check that
and each a ∈ A we obtain that
for all a ∈ A . Also, from (3) of in Theorem 2.6 we observe that
which implies that there is a unitary operator U 2 :
Then by using (3) of Theorem 2.6 we obtain that
On the other hand, by applying (1) of Theorem 2.6 and (2.1) for any a 1 , · · · , a n ∈ A , ξ 1 , · · · , ξ n ∈ H 1 and x ∈ X , we obtain that
and taking into account that
for all x ∈ X .
Covariant α-CP maps
Let G be a locally compact group and let X be a full Hilbert C * -module over a unital C * -algebra A . An action of G on X is a group morphism η from G to Aut(X ), the group of all Hilbert C * -module isomorphisms from X onto X , such that the map t → η t (x) from G to X is continuous for each x ∈ X . The triple (G, η, X ) is called a dynamical system on Hilbert C * -modules (see, [14, 13] ).
An action t → η t of G on X induces a unique action t → β η t of G on A such that β η t ( x, y ) = η t (x) , η t (y) for all x, y ∈ X , t ∈ G; see [14, 13] . A pseudo-unitary representation of G on a Krein space (H , J) is a map t → u t from G to L (H ) such that u e = id H , u ts = u t u s and u t −1 = u # t for all s, t ∈ G. It follows from
When we deal with usual Hilbert spaces u Let t → u t and t → u ′ t be two pseudo-unitary * -representations of G on Krein spaces (H 1 , J 1 ) and (H 2 , J 2 ).
for all t ∈ G, x ∈ X , and
u)-covariant with respect to
η, then ϕ is u-covariant with respect to β η , which means that
In fact, for any x, y ∈ X and t ∈ G, we obtain that
Let t → u t and t → u A representation π X of X on Krein spaces (H 1 , J 1 ) and (H 2 , J 2 ) is (u ′ , u)-covariant with respect to η if
If π X is (u ′ , u)-covariant with respect to η, u # t = u * t for all t ∈ G and π A is continuous, then π A is u-covariant with respect to β η in the sense that
Indeed, by similar arguments as used in (3.3), we have
for all x, y ∈ X and t ∈ G, whence, since X is full and π A is continuous, we deduce that π A is u-covariant with respect to β η .
From now on, we assume that (H 1 , J 1 ) is a Krein space and u is simultaneously unitary and pseudo-unitary representation of G on the Krein space (H 1 , J 1 ), i.e.,
for all t ∈ G, which also implies that u * 
for any a ∈ A , ξ ∈ X and t ∈ G.
Proof. For any t ∈ G, a ∈ A and ξ ∈ H 1 , we obtain that
which implies that there is an isometry operator v t : K 1 → K 1 such that (3.4) holds. By similar arguments, we can easily see that v * t (a ⊗ ξ) = β η −t (a) ⊗ u t ξ for all a ∈ A and ξ ∈ H 1 . Therefore, for any t ∈ G, v t is simultaneously unitary and pseudo-unitary. Moreover, we observe that
for all t ∈ G, ξ ∈ H 1 , and so we have (3.5).
The next result is a variant of [11, Theorem 3.2] . 
for all a, b ∈ A, ξ ∈ H 1 and t ∈ G. Since Φ is (u ′ , u)-covariant,
′ also can be considered as a pseudounitary representation of G on (K 2 , J 4 ). On the other hand, for any t ∈ G and x ∈ X , we obtain that
and, since η t (xa) = η t (x) β η t (a), for any a 1 , · · · , a n ∈ A and ξ 1 , · · · , ξ n ∈ H 1 , we have
We say that (
and
The next proposition is a variant of [11, Theorem 3.5] .
Proposition 3.5. Let Φ : X → L(H 1 , H 2 ) be a ϕ-map and (u ′ , u)-covariant with respect to
) are two minimal covariant KSGNS constructions for Φ, then there exist two unitary operators
are two minimal Stinespring representations for Φ. Let U 1 and U 2 the unitary operators defined in Proposition 2.10. Then for any t ∈ G, a 1 , · · · , a n ∈ A , ξ 1 , · · · , ξ n ∈ H 1 , we have
On the other hand, since J 4 = id K 2 , from (2.3) we obtain that
and so from (2.4) for any x 1 , · · · , x n , y 1 , · · · , y m ∈ X , ξ 1 , · · · , ξ n , ζ 1 , · · · , ζ n ∈ H 1 and t ∈ G we obtain that
and then taking into account that [J
Let G be a locally compact group with a left Haar measure dt and the modular function ∆ : G → (0, ∞). Let X be a full Hilbert C * -module over a unital C * -algebra A and η an action of G on X .
The linear space C c (G, X ) of all continuous functions from G to X with compact support has a structure of pre-Hilbert G × β η A -module with the action of G × β η A on C c (G, X ) given by ( xf ) (s) = The crossed product of X by η, denoted by G × η X , is the Hilbert G × β η A -module obtained by the completion of the pre-Hilbert G × β η A -module C c (G, X ) (see, for example, [14] ). Suppose that ϕ : A → L(H 1 ) is an α-CP map such that the constant M(a) from Definition 2.1 (iii) is of the form K(a) a with K(a) > 0. Therefore, there exists an element π X ( x) ∈ L(K 1 , K 2 ) such that
In this way, we obtain a map π X : C c (G, X ) → L(K 1 , K 2 ) being extended by continuity to a continuous map π X : G × η X → L(K 1 , K 2 ). Moreover, by applying (3.6), the covariance property of π ϕ and the Fubini's theorem, we observe that
for all x, y ∈ C c (G, X ), π X is a π ϕ -representation of G × η X on the Krein spaces (K 1 , J 1 ) and (K 2 , J 2 ). Consider the map Φ : G × η X → L(H 1 , H 2 ) defined by
Then for all x ∈ C c (G, X ) we have
on the other hand, for any z 1 , z 2 ∈ G × η X , we obtain that
and so we conclude that Φ is a ϕ-map.
